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Resonant Raman scattering of quantum wire in strong magnetic field
Hyun C. Lee
Asia Pacific Center for Theoretical Physics, 130-012, Seoul, Korea
The resonant Raman scattering of a quantum wire in a strong magnetic field is studied, focused on
the effect of long range Coulomb interaction and the spin-charge separation. The energy-momentum
dispersions of charge and spin excitation obtained from Raman cross-section show the characteristc
cross-over behaviour induced by inter-edge Coulomb interaction. The “SPE” peak near resonance
in polarized spectra becomes broad due to the momentum dependence of charge velocity. The broad
peak in the depolarized spectra is shown to originate from the disparity between charge and spin
excitation velocity.
PACS numbers: 71.45.-d, 73.20.Dx, 78.30.-j
The edges of quantum Hall (QH) bars or the quantum wires (QW) in strong magnetic field [1,2] provide clean
experimental verifications of many interesting theoretical predictions of Luttinger liquids [3,4]. Recent studies have
shown that the long range Coulomb interaction (LRCI) brings new effects into these systems [5–9]. Basically LRCI
causes a cross-over from Fermi/Luttinger liquid phase to a phase where inter-edge Coulomb interactions dominates.
An example of the cross-over in terms of the charge density wave correlation function is [5,8]
C(x) ∼
{
(x/ℓ)−2/ν , x < W
cos(2kFx) exp(− 2ν
√
α ln(x2β)), x > W,
(1)
where ℓ, W , and kF are the magnetic length, the width of the Hall bar, and the Fermi wavevector. As shown in
Eq.(1), the cross-over length scale is given by the width of the Hall bar. The physical origin of the cross-over scale is
the spatial separation of left and right moving electrons in QW in strong magnetic field, and it makes QW in strong
magnetic field distinct from ordinary QW. Below the cross-over momentum scale, the inter-edge Coulomb interaction
is effective, and the electron liquids become non-chiral. Above the scale the the inter-edge Coulomb interaction is
negligible, and the electron liquids become chiral (left and right moving modes are decoupled). The physical effects
of the cross-over scale were first studied in the edge states of Quantum Hall effects, and the tunneling conductances
and the various density-density correlation functions were found to be drastically modified at low temperature and
energy [7,9,10]. The spin charge separation is one of the conspicuous features of one dimensional electronic system.
The singular effects of LRCI do not influence the properties of spin excitations thanks to spin-charge separation [11].
We have investigated the properties of the QW in strong magnetic field focusing on the effect of LRCI and the
spin-charge separation in the light of Raman scattering. The energy-momentum dispersion relation of charge density
excitations exhibits the singularity coming from LRCI and the characteristic cross-over behaviour. The dispersion
relation of spin density excitations shows much weaker cross-over behavior mainly due to the lack of singular LRCI
effect. A very unique feature of Raman scattering of quantum wire is that by adjusting the polarization and the
resonance condition, the charge and spin density excitations can be probed selectively [12]. The so-called “SPE”
peak which appears near resonance [12] (see below) is also found to be strongly influenced by the LRCI and the
spin-charge separation effect. The charge contribution to the “SPE’ peak in the polarized configuration is broadened
by the momentum dependence of charge velocity, while the spin contribution to the “SPE’ peak in the polarized
configuration remains sharp. The “SPE’ peak in the depolarized configuration becomes very broad, which is due to
the disparity between charge and spin velocity. Basically, it is of the same origin as that of the incoherent nature
of electron Green functions in Luttinger liquid. The magnitude of Raman scattering cross section is enhanced or
suppressed depending on the polarization configuration by a factor determining the cross-over. For explicit results,
see Eq.(18,21,22,25).
The Raman spectroscopy is a very powerful probe in investigating the physical properties of one dimensional
electronic systems. In particular, the dispersion relations of collective and single-particle excitations can be measured
[13]. Away from the resonance condition, the charge density excitation has been identified in the polarized spectra in
which the polarizations of incident photon and scattered photons are parallel, while the spin density excitation has
been identified in the depolarized spectra where the polariztions of incident and scattered photons are perpendicular.
Near the resonance, the additional structures(”SPE” peak [12]) have been observed in both spectra, and there have
been several studies on the physical origin of the structures in the resonant Raman spectra [12,14–19]. Especially,
Sassetti and Kramer [12] attributed the origin of the additional peak in the polarized Raman spectra near the resonance
to the collective 1D intra-band spin excitations. The additional peak was shown to originate from the higher order
term in the Raman cross section related to the resonance condition. For the depolarized spectra, the broad peak
feature of the scattered intensity as a function of frequency shift was predicted, which is due to the simultaneous and
independent propagation of charge and spin excitaion.
In the standard theory of Raman spectroscopy, the differential Raman cross section is given by [12,20]
d2σ
dΩdω
=
(
e2
mc2
)2
ωf
ωi
nω + 1
π
Imχ(q, ω), χ(q, t) = iθ(t) 〈[N †(q, t), N(q, 0)]〉,
N(q) =
∑
s,k
γs
D(k)
c†s(k+ q) cs(k), nω =
1
eβω − 1 , q = ki − kf , ω = ωi − ωf , (2)
where and cs(k) is an electron operator with momentum k and spin s and ki(f), ωi(f), ei(f) are the momentum,
energy, and polarization vector of the incident (scattered) photons, respectively. The coefficents of the scattering
operators N(q) are given by
γs = γ0
(
ei · ef + is |ei × ef |
)
, D(k) = Ec(k+ q)− Ev(k+ q− ki)− h¯ωi. (3)
The Eq.(3) assumes only one conduction and valence band. Ec and Ev are the conduction and valence band energies
in the effective mass approximation. γ0 is the transition matrix element between valence and conduction band, which
is assumed to be constant. Even in the presence of the external magnetic field the Eq.(2,3) are valid. In particular, the
spin dependence remains intact because the Hamiltonian of QW in a strong magnetic field conserves the z-component
of the spin and because the denominator D(k) depends only on the difference in energy between conduction and
valence band. Therefore, if we neglect the band dependence of g-factor, the spin dependence remains intact. The
matrix element γ0 depends on the orbital part of the single particle Hamiltonian, and it may acquire momentum
dependence, but we neglect them.
We adopt the following model for a quantum wire in strong magnetic fields (or equivalently a narrow Hall bar
[9,21]). When the transverse motion is confined by a parabolic potential the single-electron energy levels are given by
En,k = (n+1/2)Ω0+
h¯2k2
2m , where the enchanced longitudinal mass is m = m
∗(Ω0/ω0)2. The subband energy spacing
is Ω0 =
√
ω2c + ω
2
0 , where ωc = eB/m
∗c is the cyclotron energy and ω0 is the frequency of the harmonic potential.
The electronic wavefunction at the Fermi wavevectors kF,r,s of the lowest magnetic subband is given by
φr,s(x, y) =
eikF,r,sx
π1/4 ℓ˜1/2
exp
(
− (y −R
2kF,r,s)
2
2ℓ˜2
)
, (4)
where ℓ˜ = (h¯/mΩ0)
1/2 , R2 = h¯ωc/(mΩ
2
0) , r = R(L) for the right (left) branch, and y is the transverse coordinate
[22]. Because of the large longitudinal mass at fields where ωc > ω0 all the electrons can be accommodated in the
lowest magnetic subband. Each branch r consists of spin-up and -down edges (s =↑, ↓). The intra branch LRCI are
given by (γ is Euler constant.) [7,23]
V intraq,‖ = −
2e2
ǫ
ln
γqa‖
2
, V intraq,⊥ = −
2e2
ǫ
ln
γqa⊥
2
, (5)
and the inter branch LRCI are given by
V interq,‖,s =
2e2
ǫ
K0(qW‖,s), V
inter
q,⊥ =
2e2
ǫ
K0(qW⊥). (6)
Here W‖,s = |kF,R,s − kF,L,s|R2 and W⊥ = |kF,R,s − kF,L,−s|R2, which are order of the width of QW. In the study
of Raman scattering, the small differences among W‖,s, W⊥ are inessential, though they play a very important role
in the inter-edge spin correlation functions and tunneling conductances [9,24]. K0(x) is the modified Bessel function,
which behaves like − lnx in the limit of small x and e−x/√x for large x. Therefore, the inter-edge LRCI is negligible
for the momentum q > max(1/W‖,s, 1/W⊥). The associated cross-over energy scale is given by ωcr =
v0
W , v0 =
2e2
h¯πǫ ,
where W (∼W‖,s ∼W⊥) is the width of QW.
It is convenient to use charge and spin density operators ρr,q =
ρr,q,↑+ρr,q,↓√
2
and σr,q =
ρr,q,↑−ρr,q,↓√
2
. The bosonized
Hamiltonian can be written as a sum of the charge, spin, and mixed terms H = Hρ +Hσ + δH , where
Hρ =
πvF
L
∑
r,q 6=0
: ρr,q ρr,−q : +
1
L
∑
r,q
V intraρ,q : ρr,q ρr,−q : +
2
L
∑
q
V interρ,q ρR,q ρL,−q, (7)
2
Hσ =
πvF
L
∑
r,q 6=0
: σr,q σr,−q : +
1
L
∑
r,q
V intraσ,q : σr,q σr,−q : +
2
L
∑
q
V interσ,q σR,q σL,−q, (8)
δH = 2δvF
π
L
∑
r,q
σr,q ρr,−q +
1
L
∑
q
δV interq
[
σR,qρL,−q + σL,q ρR,−q
]
, (9)
V intraρ(σ),q =
V intraq,‖ ± V intraq,⊥
2
, V interq,‖ =
V interq,‖,↑ + V
inter
q,‖,↓
2
, δV interq =
V interq,‖,↑ − V interq,‖,↓
2
,
V interρ(σ),q =
V interq,‖ ± V interq,⊥
2
, vF =
vF↑ + vF↓
2
, δvF =
vF↑ − vF↓
2
. (10)
Note that in the effective Hamiltonian, the charge and spin degrees of freedom are separated except in δH [9]. It is
convenient to introduce
vρ± = vF +
V intraρ,q
π
± V
inter
ρ,q
π
, ξρ(q) ≡
(
vρ+(q)
vρ−(q)
)1/2
, vρ(q) ≡
√
vρ+(q)vρ−(q)
vσ± = vF +
V intraσ,q
π
± V
inter
σ,q
π
, ξσ(q) ≡
(
vσ+(q)
vσ−(q)
)1/2
, vσ(q) ≡
√
vσ+(q)vσ−(q). (11)
In the high momentum regime q > 1/W where the inter-edge LRCI can be neglected, the velocities are given by
vρ+ = vρ− = vρ = vF + v0 ln
2
γ|q|√a‖a⊥
, ξρ(q) = 1
vσ+ = vσ− = vσ = vF + v0 ln
(a⊥
a‖
)1/2
∼ vF , ξσ(q) = 1. (12)
In the low momentum regime q < 1/W where the inter-edge LRCI is effective, the velocities are given by ( W‖ =(
W‖↑W‖↓
)1/2
),
vρ+ = 2v0 ln
1
|q|d, vρ− = vF + v0 ln
(W‖W⊥
a‖a⊥
)1/2
, vρ ∼ v0
√
ln
1
|q|d, ξρ(q) ∝
√
ln
1
|q|d
vσ+ = vF + v0 ln
(a⊥W⊥
a‖W‖
)1/2
, vσ− = vF + v0 ln
(W‖a⊥
a‖W⊥
)1/2
, ξσ ∼ 1, vσ ∼ vF , (13)
where d = γ2 e
− vF2v0 (W‖W⊥a‖a⊥)1/4. Note the cross-over behaviour of the charge velocity vρ(q) and the inter-edge
Coulomb factor ξρ(q). The spin velocity vσ and ξσ is very weakly renormalized by the Coulomb interactions since the
differences among the length scales are negligible.
Next we turn to the computation of the correlation function χ(q, t). Away from the resonance, namely, h¯vF q <<
|EG − h¯ωi| and h¯ω << |EG − h¯ωi|, the momentum dependence of D(k) can be neglected. Here, EG is the distance
between the conduction and valence band at the Fermi wave vector in the effective mass approximation. Then the
scattering operator N(q) can be simplified to [12]
N(q) =
γ0
EG − h¯ωi
[
ei · ef ρ(q) + i|ei × ef |σ(q)
]
,
ρ(q) = ρ↑(q) + ρ↓(q), σ(q) = ρ↑(q) − ρ↓(q). (14)
Depending on the mutual polarizations (parallel, or perpendicular) of the incident and scattered photons, only the
charge or spin density operator contributes to the Raman cross section, respectively. This is the classical selection rule
of Raman spectra of quantum wires and dots, which is valid in the lowest order of h¯vF q|EG−h¯ωi| ,
h¯ω
|EG−h¯ωi| [25]. Close to
the resonance such that h¯ωi ≈ EG+ h¯vF q the momentum dependence of D(k) should be taken into account. Following
Sassetti and Kramer [12] we expand the 1D(k) to include the momentum dependence (assuming back scattering ki = q/2
and the linerization approximation), we get the two leading contributions to the scattering operator N(q).
3
∆N
(r)
1 (q) = −
h¯η
(EG − h¯ωi)2
∑
s,k
γs vF (rk − kF ) c(r)†s (k + q) c(r)s (k), r = R,L = ±1, (15)
∆N
(r)
2 (q) = −
ξvF q
(EG − h¯ωi)2
∑
s
γs c
(r)†
s (k + q) c
(r)
s (k). (16)
For the explicit computations of the correlation function χ(q, t), the above operators should be bosonized. The
operator ∆N
(r)
2 (q) can be bosonized immediately , and ∆N
(r)
1 (q) can be bosonized by using the commutation relation[
ρrs(q), ρrs(q
′)
]
= − rqL2π δq+q′,0. In terms of the charge and spin density operators, the bosonized ∆N1(q) =
∑
r ∆N
(r)
1
reads [12]
∆1N(q) =
∑
r,k
(−1)η vF γ0
(EG − h¯ωi)2
π
2L
[
ei · ef
(
: ρ
(r)
k ρ
(r)
q−k : +(ρ→ σ)
)
+ 2i|ei × ef | : ρ(r)k σ(r)q−k :
]
, (17)
where :: denotes the normal ordering with respect to the filled Fermi sea.
First, consider the polarized configuration, ei · ef = 1. In the lowest order of the h¯vF qEG−h¯ωi , only the charge density
operator contributes to the correlation function χ(q, ω) (See Eq.(14)). The correlation function can be computed
straightforwardly.
Imχρ(q, ω) =
Lγ20 q
(EG − h¯ωi)2 ξ
−1
ρ (q) δ(ω − vρ(q)q). (18)
The energy-momentum dispersion is given by ω = vρ q, and it should exhibit the cross-over
vρ(q) ∼
{
v0 ln
const.
|q| , q > W,
v0
√
ln 1|q|d , q < W,
. (19)
The dispersion in the Coulomb dominated regime is of the plasmon type [12,14,26,27].One notable feature is the
suppression of the scattering intensity at low momentum q < 1/W due to the inter-edge Coulomb factor ξ−1ρ (q). The
typical width of the quantum wire is [ W ∼ 750A˚] [14], which is 1× 105 cm−1 in the wave number units, and it means
the inter-edge LRCI is operative for q < 1× 105 cm−1. The typical momentum transfer in Raman scattering process
of QW is also of the order of 1 × 105 cm−1 [14]. Therefore, the cross-over into the Coulomb dominated regime could
be observed in the Raman scattering experiment.
Near the resonance, the contributions from the correlation functions of the additional scattering operators ∆Ni(q)
have to be included. The contributions from the charge part of ∆N1 is
Imχ(1)ρ (q, ω) =
L(ηh¯vF γ0)
2
(EG − h¯ωi)4
∑
0<p<q
p(q − p) (ξρ(p) + 1
ξρ(p)
)
× δ(ω − qvρ(q − p)− p(vρ(p)− vρ(q − p))). (20)
If the velocity of charge excitation vρ were momentum independent like in Luttinger model, the delta function part
would simplify into δ(ω − vρq) which is independent of p,and the sharp delta funtion type peak would appear as in
Eq.(18). However, due to the momentum dependence, the sharp peak is broadened. If q < 1/W ,
Imχ(1)ρ (q, ω) ∼ p∗ρ(q − p∗ρ) max(ξρ(p∗ρ), ξρ(q − p∗ρ)), for v¯0q
√
ln
1
qd
< ω < v¯0q
√
ln
2
qd
, (21)
where v¯0 ∼ 2e2h¯πǫ
√
ln Wa , p
∗
ρ =
ω/v¯0√
ln
v¯0
ωd
. Note that the scattering intensity is enhanced by the inter-edge LRCI
factor max(ξρ(p
∗
ρ), ξρ(q − p∗ρ)). In the polarized configuration there also exists the contribution from the spin sector.
In constrast to the charge excitation velocity, the spin excitation velocity is independent of momentum once the
momentum is lower than 1/W . (See Eq.(12,13)) As a consequence, the broadening from the momentum dependence
of velocity is absent . If q < 1/W ,
Imχ(1)σ (q, ω) =
L(ηh¯vF γ0)
2
(EG − h¯ωi)4 q
3 δ(ω − qvσ)
(
ξσ + ξ
−1
σ
)
. (22)
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which is qualitatively different from the charge contribution (21). ξσ + ξ
−1
σ is a contribution from the inter-edge
interaction, and it is constant. Accordingly, even for the QW in a strong mangetic field in the Coulomb dominated
regime, the ”SPE” peak [12] near resonance exists, which is solely due to the collective intra-band spin excitations.
In passing we note that the sharp peak would appear both in charge and spin channel in Luttinger liquid. The
contributions from the operator ∆N2(q) is
Imχ(2)(q, ω) =
Lγ2(ξvF q)
2 q
(EG − h¯ωi)4 ξρ(q) δ(ω − vρq). (23)
It is similar to Imχρ(q, ω), but the Coulomb interaction enhances the Raman scattering cross section.
Second, consider the depolarzied configuration |ei × ef | = 1. In the lowest order of h¯vF qEG−h¯ωi , only the spin operator
contributes to the correlation function.
Imχ(0)(q, ω) =
Lγ20 |q|
(EG − h¯ωi)2 ξ
−1
σ (q) δ(ω − vσ|q|). (24)
The spin excitation velocity is constant except near the cross over region q ∼ 1/W . In most other region, the
dispersion is Luttinger like ω = vσq. There is a also inter-edge LRCI factor ξ
−1
σ (q) but its effect is almost negligible
in the present context [9] and it is constant. The additional contriubution from ∆N1(q) near the resonance gives the
broad peak in a certain range of frequency both in the Luttinger [12] and in the Coulomb dominated cases as ours. The
broad peak originates from the disparity between charge and spin velocity and from the simultaneous and independent
propogation of charge and spin excitations. The origin of the broad peak is also related to the incoherent nature of
the electron Green function in Luttinger model,but it has nothing to do with that of Imχ
(1)
ρ (q, ω) in the polarized
configuration [see Eq.(21)]. In the Couloumb dominated regime, the frequency range of broad peak ( q < 1/W ) is
qvσ ≤ ω ≤ qv¯0
√
ln 1qd . Note that the lower bound is given by spin excitation energy scale, while the upper bound is
given by LRCI scale, and this clearly demonstrates the origin of broad peak explained above. For ω ∼ qvσ, an explicit
result of the correlation function is given by
Imχ(1)(q, ω) ∼ L(ηh¯vF γ0)
2
(EG − h¯ωi)4 p0 (q − p0) max(ξρ(p0), ξρ(q − p0)) + max(ξσ(p0), ξσ(q − p0)), (25)
where p0 =
(ω−qvσ)/v¯0√
ln
v¯0
(ω−qvσ )d
. Note the Coulomb enhancement factor is the sum of that of charge and spin contribution.
In summary, we have studied the effect of LRCI on the resonant Raman scattering of QW in a strong mangetic field.
Due to the spatial separation of left and right moving electrons in strong magnetic fields a new Coulomb momentum (
and energy) scale emerges, and the Raman scattering clearly reveals the scale and the associated effects. Because the
typical Coulomb cross-over momentum scale is the same order as the typical momentum transfer in Raman process,
our predictions can be verified experimentally.
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